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Abstract 

In this paper we study cosmological application of holographic dark energy den- 
sity in the modified gravity framework. We employ the holographic model of dark 
energy to obtain the equation of state for the holographic energy density in spatially 
flat universe. Our calculation show, taking = 0.73 for the present time, it is 
possible to have w\ crossing —1. This implies that one can generate phantom-like 
equation of state from a holographic dark energy model in flat universe in the mod- 
ified gravity cosmology framework. Also we develop a reconstruction scheme for the 
modified gravity with f(R) action. 
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1 Introduction 



Nowadays it is strongly believed that the universe is experiencing an accelerated expan- 
sion. Recent observations from type la supernovae [1] in associated with Large Scale 
Structure [2] and Cosmic Microwave Background anisotropies [3] have provided main 
evidence for this cosmic acceleration. In order to explain why the cosmic acceleration 
happens, many theories have been proposed. It is the most accepted idea that a mys- 
terious dominant component, dark energy, with negative pressure, leads to this cosmic 
acceleration, though its nature and cosmological origin still remain enigmatic at present. 
An alternative proposal for dark energy is the dynamical dark energy scenario. The cos- 
mological constant puzzles may be better interpreted by assuming that the vacuum energy 
is canceled to exactly zero by some unknown mechanism and introducing a dark energy 
component with a dynamically variable equation of state. The dynamical dark energy 
proposal is often realized by some scalar field mechanism which suggests that the energy 
form with negative pressure is provided by a scalar field evolving down a proper potential. 
In recent years, many string theorists have devoted to understand and shed light on the 
cosmological constant or dark energy within the string framework. The famous Kachru- 
Kallosh-Linde-Trivedi (KKLT) model [4] is a typical example, which tries to construct 
metastable de Sitter vacua in the light of type IIB string theory. Furthermore, string 
landscape idea [5] has been proposed for shedding light on the cosmological constant 
problem based upon the anthropic principle and multiverse speculation. Although we are 
lacking a quantum gravity theory today, we still can make some attempts to probe the 
nature of dark energy according to some principles of quantum gravity. The holographic 
dark energy model is just an appropriate example, which is constructed in the light of 
the holographic principle of quantum gravity theory. That is to say, the holographic dark 
energy model possesses some significant features of an underlying theory of dark energy. 
Currently, an interesting attempt for probing the nature of dark energy within the frame- 
work of quantum gravity is the so-called "holographic dark energy" proposal [6, 7, 8, 9]. It 
is well known that the holographic principle is an important result of the recent researches 
for exploring the quantum gravity (or string theory) [10]. This principle is enlightened by 
investigations of the quantum property of black holes. Roughly speaking, in a quantum 
gravity system, the conventional local quantum field theory will break down. The reason 
is rather simple: For a quantum gravity system, the conventional local quantum field 
theory contains too many degrees of freedom, and such many degrees of freedom will lead 
to the formation of black hole so as to break the effectiveness of the quantum field theory. 

For an effective field theory in a box of size L, with UV cut-off A the entropy S scales 
extensively, S ~ L 3 A 3 . However, the peculiar thermodynamics of black hole [11] has 
led Bekenstein to postulate that the maximum entropy in a box of volume L 3 behaves 
nonextensively, growing only as the area of the box, i.e. there is a so-called Bekenstein 
entropy bound, S < Sbh = nMpL 2 . This nonextensive scaling suggests that quantum 
field theory breaks down in large volume. To reconcile this breakdown with the success 
of local quantum field theory in describing observed particle phenomenology, Cohen et 
al. [6] proposed a more restrictive bound - the energy bound. They pointed out that 
in quantum field theory a short distance (UV) cut-off is related to a long distance (IR) 
cut-off due to the limit set by forming a black hole. In other words, if the quantum 
zero-point energy density p\ is relevant to a UV cut-off A, the total energy of the whole 
system with size L should not exceed the mass of a black hole of the same size, thus we 
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have L 3 pA < LMp. This means that the maximum entropy is in order of Sj H . When 
we take the whole universe into account, the vacuum energy related to this holographic 
principle [10] is viewed as dark energy, usually dubbed holographic dark energy. Such 
a holographic dark energy looks reasonable, since it may provide simultaneously natural 
solutions to both dark energy problems as demonstrated in Ref.[9]. The holographic dark 
energy model has been tested and constrained by various astronomical observations [12]. 
Furthermore, the holographic dark energy model has been extended to include the spatial 
curvature contribution, i.e. the holographic dark energy model in non-flat space [13]. 
Because the holographic energy density belongs to a dynamical cosmo logical constant, 
we need a dynamical frame to accommodate it instead of general relativity. Therefore 
it is worthwhile to investigate the holographic energy density in the framework of the 
Brans-Dicke theory [14, 15, 16, 17]. Einstein's theory of gravity may not describe gravity 
at very high energy. The simplest alternative to general relativity is Brans-Dicke scalar- 
tensor theory [18]. Modified gravity provides the natural gravitational alternative for 
dark energy [19]. Moreover, modified gravity present natural unification of the early- 
time inflation and late-time acceleration thanks to different role of gravitational terms 
relevant at small and at large curvature. Also modified gravity may naturally describe 
the transition from non-phantom phase to phantom one without necessity to introduce 
the exotic matter. But among the most popular modified gravities which may successfully 
describe the cosmic speed-up is F(R) gravity. Very simple versions of such theory like 
1/R [20] and 1/R + R 2 [21] may lead to the effective quintessence/phantom late-time 
universe (to see solar system constraints on modified dark energy models refer to [23]). 
Another theory proposed as gravitational dark energy is scalar- Gauss-Bonnet gravity [22] 
which is closely related with low-energy string effective action. 

In present paper, using the holographic model of dark energy in spatially flat universe, 
we obtain equation of state for holographic dark energy density in framework of modified 
gravity for a universe enveloped by Rh as the system's IR cut-off. The current available 
observational data imply that the holographic vacuum energy behaves as phantom-type 
dark energy, i.e. the equation-of-state of dark energy crosses the cosmological-constant 
boundary w — — 1 during the evolution history. We show this phantomic description of 
the holographic dark energy in flat universe with 0.21 < c < 2.1 . Also we develop a 
reconstruction scheme for the modified gravity with f(R) action, the known holographic 
energy density is used for this reconstruction. 

2 Modified gravity and holographic dark energy 

The action of modified gravity is given by 



where L m is the matter Lagrangian density. The equivalent form of above action is [19] 



where P and Q are proper functions of the scalar field 0. By the variation of the action 
(2) with respect to the 0, we obtain 




(1) 




(2) 



P'(<j))R + Q'{<j>) = 



(3) 
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which may be solved with respect to (j>: 

= <KR) (4) 

By the variation of the action (2) with respect to the metric g^, one can obtain 

Zl^[p(0)i? + Q(0)] - R^P{<f>) + V M V i ,P(0) - ^,V 2 P(0) + \t, v = (5) 

where is the energy-momentum tensor. The equations corresponding to standard 
spatially-flat FRW universe are 

p = eifpw + Q(<#>) + 6i/^ (6) 

P= - i4 H +6H i )PW - QW - 2 im- 4H im (7) 

where, p and p are the pressure and energy density due to the scalar field in the modified 
gravity framework. By combining (6) and (7) and deleting Q((p), we find 

Now we suggest a correspondence between the holographic dark energy scenario and the 
above modified dark energy model. The holographic energy density pa is chosen to be 

PA = % (9) 

where c is a constant, and is the future event horizon given by 

r°° dt r°° da , . 

R ^ a l 7 = U 5? < 10 > 

The critical energy density, p cr , is given by following relation 

Per = 3H 2 (11) 

Now we define the dimensionless dark energy as 

Per R\H 2 ^ 
Using definition f2 A and relation (11), R h gets: 

R h = R h H-l = -^=-l, (13) 

V "A 

Let us consider the dark energy dominated universe. In this case the dark energy evolves 
according to its conservation law 

p A + 3Pf(p A + P A ) = (14) 
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By considering the definition of holographic energy density p A , and using Eq.(13)one can 
find: 

PA = ^(^= - !)PA ( 15 ) 
tth V"A 

Substitute this relation into Eq.(14) we obtain 

A direct fit of the present available SNe la data with this holographic model indicates 
that the best fit result is c = 0.21 [25]. Recently, by calculating the average equation 
of state of the dark energy and the angular scale of the acoustic oscillation from the 
BOOMERANG and WMAP data on the CMB to constrain the holographic dark energy 
model, the authors show that the reasonable result is c ~ 0.7 [26]. In the other hand, in 
the study of the constraints on the dark energy from the holographic connection to the 
small I CMB suppression, an opposite result is derived, i.e. it implies the best fit result 
is c = 2.1 [27]. Thus according to these studies 0.21 < c < 2.1. Taking fi A = 0.73 for the 
present time, in the case of c = 0.21, we obtain wa = —3.04, in the other hand for c = 2.1, 
one can obtain, w\ = —0.6. Using Eq.(16), one can see that by considering c < y/Tl\ we 
obtain w\ < — 1. Therefore taking Q A = 0.73 for the present time, it is possible to have 
w A crossing — 1. 

As one can redefine the scalar field properly, we may choose 

<P = t. (17) 
Now using Eqs.(9), (16), one can rewrite Eq.(8) as 

d 2 P(t) nTJ dP(t) , ^ • , on ., t VJI 



2^-^-2H^^ + 4HP{t)+2Q A H 2 (l-^^) = (18) 
at z at c 

In principle, by solving Eq.(18) we find the form of P(<f>). Using Eqs. (6), (9), we also 
find the form of Q(4>) as 

Q(0) = 3Vl A H 2 - 6# 2 P(0) - QH^^- (19) 

at 

3 Modified gravity and its reconstruction from the 
holographic dark energy 

In this section we consider another approach [24] to realistic cosmology in holographic 
modified gravity. We start with general /(i?)-gravity action (1) but without the matter 
term. For the spatially flat FRW universe we have 

p = f(R)-6(H + H 2 -Hj t )f'(R) (20) 

V = f(R) - 2(-H - 3iJ 2 + ^ + 2H±)f(R) (21) 

where 

R = 6H + 12H 2 (22) 
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Again we use the holographic dark energy density and substitute Eq.(9) into Eq.(20) 



3Q A H 2 = f(R) - 6(H + H 2 - H±)f(R) (23) 
thus 

f(R) = 3Q A H 2 + 6(H + H 2 - H±)f'(R) (24) 
Using Eqs.(9), (16), and substituting f(R) into Eq.(21) one can obtain 



^f'(R) - 2H j/( R ) + A Hf{R) + 2Q A H 2 (1 - ^) = (25) 
or in another form 

2(f"'R 2 + f'R) - 2Hf"R + AHf + 2Vl A H 2 {l - ^^) = (26) 

We shall consider the following simple solution 

a = a (t s -t) h °, (27) 

where a , h and t s are constant. Substituting Eq.(27) into Eq.(22), give us following 
relation for scalar curvature 

12/ig - 6h 



R = lif^F (28) 



Using Eqs.(10, 27) we can write 



Now using definition p A and above relation we obtain the time behaviour of holographic 
dark energy as 

3c 2 3^(1 - h f 

" A= *T (t,-ty (30) 

Substituting the above p A into Eq.(20), and using Eqs. (27,28) one can obtain 



Again we use Eq.(28) and rewrite the above differential equation as following 

f"{R) + ±f(R) + ±f(R) = | (32) 

where 

hp -I , 1-2/ip c 2 (l-/i ) 2 

° = ^-' 6= ^— ' d = 4fco (33) 
The solution of differential equation (32) is given by 



/(i2)=di2 V " /+C 2J RV" / + v (34) 



where C±, C2 are constant. Therefore, a consistent modified gravity whit holographic dark 
energy in flat space has the above form. Let us recall the two sufficient conditions which 
often lead to realistic models [23, 28] 

Bm/(i2) = 0, (35) 

this condition ensures the disappearance of the cosmological constant in the limit of flat 
space-time. One can see that (34) simply satisfy the above condition. In order that the 
accelerating expansion in the present universe could be generated, let us consider that 
f(R) could be a small constant at present universe, that is, 

f(R ) = -2R , f'(R ) ~ 0, (36) 

where i?o ~ (10~ 33 eV) 2 is current curvature [23]. By impose the conditions (36) on the 
solution (34) we can obtain the constants C\ and C2 as following 

Ci = =^[2v + (v + l) ^ 1 '! 1 ^ ] (37) 



C 2 = J2-[2u-(l- u) - " nu2 °> ] (38) 



where 




(39) 

The model Eq.(34) is similar to the model of Eq.(12) in [29], similarly our model also 
leads to acceptable cosmic speed-up and is consistent with solar system tests. 



4 Conclusions 

Within the different candidates to play the role of the dark energy, the modified gravity, 
has emerged as a possible unification of dark matter and dark energy. In the present paper 
we have studied cosmological application of holographic dark energy density in the mod- 
ified gravity framework. By considering the holographic energy density as a dynamical 
cosmological constant, we have obtained the equation of state for the holographic energy 
density in the modified gravity framework. We have shown if c < the holographic 

dark energy model also will behave like a phantom model of dark energy the amazing 
feature of which is that the equation of state of dark energy component w\ crosses — 1. 
Hence, we see, the determining of the value of c is a key point to the feature of the 
holographic dark energy and the ultimate fate of the universe as well. Finally we have 
developed a reconstruction scheme for modified gravity with f(R) action. We have con- 
sidered the energy density in Eq.(20) in holographic form, then by assumption a simple 
solution as Eq.(27) we could obtain a differential equation for f(R), the solution of this 
differential equation give us a modified gravity action which is consistent with holographic 
dark energy scenario. 
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